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Summary  The  paper  presents  a  semi  analytical  method  for  solution  of  a  statically  indeter-
minate non-uniform  bar  problem.  The  solution  of  such  statically  indeterminate  bar  problem
becomes  more  complicated  due  to  the  presence  of  singularity  points  in  domain.  Some  exam-
ples of  such  one  dimensional  problems  include,  (i)  stress  and  deformation  analysis  of  a
clamped—clamped  (C—C)  bar  subjected  to  a  concentrated  load  within  domain,  (ii)  thermal
stress analysis  of  a  ‘C—C’  bar  with  a  point  heat  source  within  domain,  (iii)  three  point  bending
analysis of  a  roller  supported  curved  beam  under  a  concentrated  transverse  load,  etc.
In the  present  bar  problem,  only  one  such  singularity  point  arising  from  the  application  of  a
concentrated  axial  load,  is  considered.  Governing  equation  of  the  problem  is  derived  from  equi-
librium condition  and  expressed  in  variational  form  with  assumed  displacement  ﬁeld  by  using
direct variational  principle.  The  computational  domain  is  divided  into  two  sub-domains  based
on the  location  of  singularity  point  within  the  domain.  An  approximate  solution  of  the  governing
equation  is  obtained  assuming  a  series  expression  of  the  unknown  variable  by  using  Galerkin’s
principle. This  approximation  is  carried  out  by  a  linear  combination  of  sets  of  orthogonal  co-
ordinate  functions  which  satisfy  prescribed  conditions  at  three  points.  The  three  conditions
comprises  of  two  boundary  conditions  and  another  condition  at  the  point  of  application  of  con-
centrated  load.  The  solution  algorithm  is  implemented  with  the  help  of  MATLAB® computational
simulation  software.  The  problem  is  also  studied  by  using  energy  functional  based  variational
method and  an  identical  solution  is  observed.  The  present  analysis  highlights  the  generalized
application  of  domain  decomposition  method  based  on  variational  principle  in  solving  structural
problems having  singularities  in  
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ntroduction
ssence  of  the  present  study  is  reﬂected  in  the  title  of  the
aper  and  some  research  ﬁnding  in  that  area  is  reported
ere.  Solution  of  statically  indeterminate  problems  for  dif-
erent  structural  elements,  by  using  variational  method  is
ell  known  (Finlayson,  1972).  Pascal  et  al.  (2012)  presented
tatic  ﬁnite  element  analysis  of  bar  and  beam  trusses  with
ariability  using  stress  based  formulation.  Hansbo  et  al.
2014)  addressed  large  deﬂection  behaviour  of  linear  curved
eams  based  on  variational  principle.  In  such  structural
roblems  boundary  conditions  are  speciﬁed  at  two  points,
sually  at  the  end  points  of  the  domain.  But  there  are  many
roblems  (Megson,  2014),  in  single  or  higher  dimensional
eometries,  where  an  additional  condition  need  to  be  sat-
sﬁed  at  a  point  within  the  domain.  Three  point  bending
roblem  of  a  curved  beam  containing  a  singularity  point
ithin  the  domain  at  the  point  of  application  of  transverse
oncentrated  load,  is  reported  by  Batista  (2015).  Wang  et  al.
1997)  highlighted  some  features  of  these  problems,  such  as
he  possibility  of  having  two  equilibrium  states  for  a  given
oad  magnitude,  the  existence  of  a  maximum  load  (or  critical
oad)  and  a  maximum  arc-length  for  equilibrium.
In  the  present  paper,  displacement  ﬁeld  induced  in  a
lamped  taper  bar,  under  the  action  of  a  concentrated
oad,  is  analyzed.  The  displacement  ﬁeld  is  derived  by  using
wo  different  approaches  and  the  post  processed  strain  and
tress  ﬁelds  are  presented.
athematical formulation
inear  elastic  analysis  of  a  clamped—clamped  taper  bar  sub-
ected  to  a  concentrated  axial  load  F,  as  shown  in  Fig.  1(a),
s  considered  and  the  proposed  method  is  described  in  the
ollowing  sub-sections.
omain  decomposition  method
he  problem  domain  is  decomposed  into  two  sub-domains
bout  a  virtual  boundary  at  the  point  of  application  of  the
oad.  Total  length,  lengths  of  domain  1  and  2  are  denoted
y  L,  LF and  Lb respectively.  The  ﬁrst  part  of  the  bar
s  subjected  to  boundary  conditions  (i)  u(1)  =  0  at  1 =  0
nd  (ii)  (E/LF)A(1)u′(1)  =  RA at  1 =  1.  On  the  other  hand,
he  second  part  is  subjected  to  boundary  conditions  (i)
Figure  1  (a)  Taper  bar,  (b)  area  and  str
ı
t
−
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E/Lb)A(2)u′(2) =−  RB at  2 =  0  and  (ii)  u(2) =  0  at  2 =  1.  ,
1 and  2 are  the  domain  speciﬁc  normalized  coordinates.
eaction  forces,  developed  at  the  support  points  A  and  B,
re  denoted  by  RA and  RB respectively.
Fig.  1(b)  shows  the  free  body  diagram  of  an  element  in
omain  1,  which  establishes  the  equilibrium  equation  as
AE
d2u
dx2
+  E dA
dx
du
dx
}
dx  =  0.
This  equation  is  expressed  in  variational  form  by  taking
(x)  as  the  weight  function.[∫ LF
0
[
u
{
AE
d2u
dx2
+  E dA
dx
du
dx
}]
dx
]
=  0 (1)
After  carrying  out  normalization  and  some  mathematical
anipulation,  the  above  equation  becomes
[
RAu(1)|1=1 −
E
LF
{∫ 1
0
[
A(1)
{
du(1)
d1
}2]
d1
}]
=  0.
Similar  type  of  equation  is  obtained  for  domain  2  and
ariational  form  of  system  governing  equation  for  the  whole
omain  is  given  by[
E
LF
{∫ 1
0
[
A(1)
{
du(1)
d1
}2]
d1
}
+ E
Lb
{∫ 1
0
[
A(2)
{
du(2)
d2
}2]
d2
}]
=  ı[RAu(1)|1=1 +  RBu(2)|2=0].  (2)
Noting  that  u(1)|1=1 =  u(2)|2=0 =  u()|=F and
A +  RB =  F,  right  hand  side  of  Eq.  (2)  becomes  Fı[u()|=F ].
nergy  method
inimization  of  total  potential  energy  principle  states  thatesses  on  a  bar  element  in  domain  1.
(U  +  V)  =  0,  where  U  and  V  are  stored  energy  and  work  poten-
ial  respectively.  With  reference  to  the  present  problem  V  =
Fu()|=F and  U  =  (1/2)
∫
εdv  =  (E/(2L)) ∫ 1
0
(du/d)2Ad.
he  system  governing  equation  is  obtained  from  this
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Figure  2  Normalized  plots  of  coordinate  functions.
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50, 231—242.Figure  3  (a)  Displacement  and  str
principle  also,  and  given  below  after  carrying  out  some
mathematical  manipulation.
ı
[
E
L
∫ 1
0
A
(
du
d
)2
d
]
=  Fı[u()|=F ]  (3)
It  may  be  observed  that  Eq.  (3)  is  identical  with  Eq.
(2),  although  it  is  derived  from  the  variational  of  an  energy
functional.  The  solution  methodology  for  these  equations  is
identical  and  they  are  discussed  in  the  next  section.
Results and  conclusions
Substituting  approximated  displacement  ﬁeld  u()  =
∑
cii,
Eqs.  (2)  and  (3)  are  expressed  in  matrix  form  [K]  {ci}  =  {R},
which  yields  the  unknown  vector  {ci}.  The  set  of  orthogonal
functions  i is  developed  through  Gram—Schmidt  scheme.
Two  sets  of  orthogonal  coordinate  functions  are  considered
in  this  study.  The  ﬁrst  set  satisﬁes  boundary  conditions  (BC)
at  the  end  points,  whereas  the  second  set  satisﬁes  three
point  conditions  (TPC).  First  ﬁve  functions  of  the  second  set
are  shown  in  Fig.  2.
In  order  to  illustrate  the  features  of  the  present  for-
mulation  example  of  a  bar  problem  is  considered  with
system  parameters  values  L  =  500  mm,  F  =  500  N,  dA =  50  mm,
dB =  20  mm,  LF =  350  mm  and  E  =  200  GPa.  Displacement,
strain,  stress  and  force  ﬁelds  induced  in  the  bar  are  pre-
sented  in  Fig.  3(a)  and  (b).  These  results  are  dependent  on
number  of  functions  and  computation  (Gauss)  points.  From
convergence  study,  a  choice  of  21  functions  and  48  Gauss
points  are  made.  Fig.  3(b)  also  includes  analytical  force
Welds  and  (b)  stress  and  force  ﬁelds.
eld  developed  within  the  bar.  It  is  obvious  from  Fig.  3
hat  results  are  independent  on  the  assumption  of  dis-
lacement  ﬁeld  whether  satisfying  only  BC  or  TPC  (solid
nd  dotted  lines  indicate  results  from  BC  functions  and
arked  points  indicate  results  from  TPC).  There  are  more
omplicated  structural  problems  having  more  than  one  sin-
ularity  point  in  domain,  where  displacement  ﬁeld  cannot
e  assumed  satisfying  all  the  conditions.  Thus  the  present
omain  decomposition  method  will  facilitate  to  undertake
nalysis  of  such  complicated  problems  by  assuming  displace-
ent  ﬁeld  satisfying  only  boundary  conditions.
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